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Main Theorem. $X$ non-compact
$\beta X\backslash \{p\}$ normal
$p$ remainder $\beta X\backslash X$
1
Problem. $\beta\omega\backslash \{p\}$ normal
$\omega$ discrete
, ,
van Mill: “Open Problems in Topology”, 1990
212
1970 Problem










P-points, OK-points, . . . , Problem




non-CH $p$ $\beta\omega\backslash \{p\}$ normal
?





, non-pseudocompact $X$ , $\omega$ $X$ C-embedded
, $\beta\omega$ $\beta X$ , $\beta\omega\backslash \{p\}$ non-normal , $\beta X\backslash \{p\}$
non-normal $P$ ,
, ,
My Question. $\omega$ , non-compact $X$
$\beta X\backslash \{p\}$ nomal
2003
Theorem 2. $\beta X\backslash \{p\}$ normal
$\bullet$ $X$ strongly O-dimensional \searrow
$\bullet$ $P$ remote point
, , 2 My Question
, Main Theorem
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33.1 Maximal Disjoint Family
, maximal disjoint family of nonempty open sets
“maximal” disjoint families
, $X$ , locally finite (in $X$ ), maximal disjoint
family of nonempty open sets $\pi$ -base
, $\pi$ -base $\mathscr{B}=\cup \mathscr{B}_{n}$ :
$\bullet$ $\mathscr{B}_{n}$ locally finite (in $X$ ), maximal disjoint family of nonempty open
sets
$\bullet$ $\mathscr{B}_{n+1}$ $(i.e.,\forall B\subset\exists B’)$
$\bullet\forall B\in \mathscr{B}_{n},$ $\exists B^{(i)}\in \mathscr{B}_{n+1},$ $i=0,1,2$ :
$C1_{X}B^{(i)}\subset B$ and $C1_{X}B^{(i)}\cap C1_{X}B^{(j)}=\emptyset$ for $i\neq j$
$\bullet$ $X$ open cover , locally finite (in $X$ ), maximal disjoint subfamily
of
$B,$ $C\in$ :
$\bullet$ either $B\cap C=\emptyset,$ $B\subset C$ or $B\supset C$
$\bullet$ $C\subsetneq B\Rightarrow either\exists i:C\subset B^{(i)}or.\forall i:C\cap B^{(i)}=\emptyset$
3.2 Arhangel’skii’s regular base
Arhangel’skii regular base
regular base
$x\in X$ $U$ $x$ $V\subset U$ $V$ ,
$X\backslash U$ basic open sets
base
Arhangel’skii , regular base
regular base , $1/(n+1)$ -open nbds cover locally finite
refinement $= \bigcup_{n=0}^{\infty y_{n}}$
, regular base $y$ (Engelking, Lemma 5.4.3
, pp.331-332, modify )
$X$ cover locally finite subcover
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3.3 Lemma
regular base $\pi$ -base :
Lemma.
$\forall \mathcal{U}$ locally finite (in $X$ ) family of nonempty open sets,
$\exists 7$ locally finite (in $X$ ) family of nonempty open sets:
$\bullet U\in \mathcal{U},$ $V\in\gamma$ $\Rightarrow$ either $U\supset V$ or $U\cap V=\emptyset$
$\bullet$ $\forall U\in \mathcal{U}:Y\square U$ is a maximal disjoint family of nonempty open sets in $U$
, $\gamma$ , $\varphi\subset \mathcal{U}$
$K_{\varphi}=(\cap\varphi)\backslash C1_{X}(\cup(\mathcal{U}\backslash \varphi))$
,




, $X$ regular base $\mathscr{G}=\bigcup_{n=0}^{\infty}\mathscr{G}_{n}$ 32 , $\mathscr{B}_{1},$ =\kappa (%)
$X$ , $B\in \mathscr{B}_{1}$ 3 nonempty Open sets
$\gamma^{(0)}(B),$ $\gamma^{(1)}(B),\gamma^{(2)}(B)$
$B\supset C1_{X}[\gamma^{(i)}(B)]$ for each $i<3$
$(*)$
$C1_{X}[\gamma^{(i)}(B)]\cap C1_{X}[\gamma^{(i)}(B)]=\emptyset$ for $i\neq j$
$\gamma^{(i)}(B)$ , $\mathscr{C}_{1}$
locally finite in $X$
$\mathscr{B}_{1}\cup \mathscr{C}_{1}$ 1 locally finite , $\mathscr{B}_{2}=\kappa(\mathscr{B}_{1}\cup \mathscr{C}_{1}\cup y_{1})$
$B\in \mathscr{B}_{1}$ $B^{(i)}\in \mathscr{B}_{2}r\gamma^{(i)}(B)$
, , $(*)$ $B\in \mathscr{B}_{2}$ 3
nonempty open sets $\gamma^{(0)}(B),$ $\gamma^{(1)}(B),$ $\gamma^{(2)}(B)$ , $\gamma^{(i)}(B)$ ,
$\mathscr{B}_{3}=\kappa(\mathscr{B}_{2}\cup \mathscr{C}_{2}\cup \mathscr{G}_{2})$
, $\mathscr{B}=\bigcup_{n=1}^{\infty}\mathscr{B}_{n}$ , $X$ $\pi$ -base
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$X$ open cover locally finite, maximal disjoint subfamily of $\mathscr{B}$
, , $x\in X$ $x\in G(x)\in \mathscr{G}$
3.2 regular base , $\{G(x) :x\in X\}$ locally finite subcover
$\pi$ $G\in\pi$ , operation $\kappa$ , $\sigma(G)\subset$ , $\sigma(G)$
locally finite in $X$ , maximal disjoint in $G$ $\cup\{\sigma(G) :G\}$
, $\{G(x) : x\in X\}$ $B,$ $C\in \mathscr{B}$
either $B\cap C=\emptyset,$ $B\subset C$ or $B\supset C$
4
4.1 1
$\Xi$ locally finite and maximal disjoint subfamily of ,
well-order
$\xi_{\lambda}\in\Xi$ , ultrafilter $\varphi_{\lambda}$ $\lambda<\theta$
( $\theta$ )
$\xi_{\lambda}$ $X$ hyper set
$\varphi_{\lambda}$ , $\xi_{\lambda}$ , $X$ hyper hyper set
$\xi_{\lambda}$ , $X$ disjoint open sets , $\lambda$
,
$\varphi_{\lambda}$
$\xi_{\lambda}$ subfamilies ultrafilter ,
, $\lambda$
, 4 :
(a) $\forall \mathcal{U}\in\varphi_{\lambda}$ : $p\in C1_{\beta X}[\cup \mathcal{U}]$ ,
(b) $\lambda<\mu\Rightarrow\exists \mathcal{U}\in\varphi_{\lambda}$ : $\{\begin{array}{ll}U\cap V\neq\emptyset, U\in \mathcal{U}, V\in\xi_{\mu}\Rightarrow V\subset ,\end{array}$
(c) $\forall\lambda<\mu,$ $\forall \mathcal{U}\in\varphi_{\lambda}$ : $\{V\in\xi_{\mu} : V\subset\exists U\in \mathcal{U}\}\in\varphi_{\mu}$ ,
(d) $\xi\in\Xi\backslash \{\xi_{\lambda} : \lambda<\theta\}\Rightarrow$ $\exists\lambda<\theta$ : $\mathcal{U}\in\varphi_{\lambda}$ (b) $\xi$




, (a) , $P$ $O$
$\xi_{\lambda}(O)=\{U\in\xi_{\lambda} : U\cap O\neq\emptyset\}$
, $\varphi_{\lambda}\ni\xi_{\lambda}(O)$
(b) , $\varphi_{\lambda}$ $\mathcal{U}$ , $U\in \mathcal{U}$ ,
$\xi_{\mu}$
$\xi_{\mu}$ maximal disjoint
family , nowhere dense set $A\subset U$ , $U\backslash A$ $\xi_{\mu}$
, , modulo nowhere dense set
, :
(each member of) $\mathcal{U}$ is partitioned by $\xi_{\mu}$ modulo nowhere dense set
, $S\in\varphi_{\lambda}$ $S\cap \mathcal{U}\in\varphi_{\lambda}$ partitioned by $\xi_{\mu}$ modulo
nowhere dense set , $\varphi_{\lambda}$ filter base $\varphi_{\lambda}^{\mu}$ , $\varphi_{\lambda}^{\mu}$
partitioned by $\xi_{\mu}$ modulo nowhere dense set
4.3 3 :




$\xi\in\Xi\backslash \{\xi_{\lambda} : \lambda<\mu\}$ (b) ,
$\forall\xi\in\Xi\backslash \{\xi_{\lambda} : \lambda<\mu\},$ $\exists\lambda<\mu,$ $\forall \mathcal{U}\in\varphi_{\lambda}$ : $\exists U\in \mathcal{U}$ is not partitioned by $\xi$
, , $\theta=\mu$
,
$\forall\lambda<\mu,$ $\exists \mathcal{U}\in\varphi_{\lambda}$ : $\forall U\in \mathcal{U}$ is partitioned by $\xi$
$\xi\in\Xi$ $\xi_{\mu}$
, ultrafilter $\varphi_{\mu}$ on $\xi_{\mu}$ (a), (c)
(c) , $\mathcal{U}\in\varphi_{\lambda}$
$\xi_{\mu}(\mathcal{U})=\{V\in\xi_{\mu} : V\subset\exists U\in \mathcal{U}\}$
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$\bullet$ $\forall O$ nbd of $p,\forall\lambda,$ $\forall \mathcal{U}\in\varphi_{\lambda}$ : $\xi_{\mu}(\mathcal{U})\cap\xi_{\mu}(O)\neq\emptyset$
$\bullet$ $\xi_{\mu}(\mathcal{U})$ finite intersection property
check , $\xi_{\mu}(\mathcal{U})$ ultrafilter on $\xi_{\mu}$ $\varphi_{\mu}$
( check , )
4.4 4
$\lambda<\theta$
$H_{\lambda}=\cap\{C1_{\beta X}[\cup \mathcal{U}]$ : $\mathcal{U}\in\varphi_{\lambda}\}$
(a) , $p\in H_{\lambda}$ (c) $\{H_{\lambda}\}_{\lambda}$
:
$\forall O$ nbd of $p,$ $\exists\lambda<\theta:H_{\lambda}\subset O$
4.5 $5$
critical :
$\lambda<\theta$ $i=0,1,2$ , $r_{\lambda,i}\in H_{\lambda}$ $\mu>\lambda$
:
$r_{\lambda,i}\in C1_{\beta X}[\cup\{U^{(i)} : U\in\xi_{\mu}\}]$
$\mathscr{L}_{\mu,i}=\{U^{(i)} : U\in\xi_{\mu}\}$
, :
$r_{\lambda,i} \in H_{\lambda}\cap\bigcap_{\lambda<\mu}c\iota_{\beta X}[\cup \mathcal{L}_{\mu,i}]$
combinatorial





$H_{\lambda}$ , finite intersection property
:
$\cup \mathcal{U},$ $\mathcal{U}\in\varphi_{\lambda}$ , and $\cup \mathcal{L}_{\mu,i},$ $\mu>\lambda$




2 , $\mathcal{U}$ $j<n$ $\mathcal{U}_{j}\in\varphi_{\lambda}^{\mu_{j}}$ , $\mathcal{U}_{j}$
partitioned by $\xi_{\mu_{j}}$ modulo nowhere dense set
$U_{0} \in\bigcap_{j<n}\mathcal{U}_{j}$
$U_{0}\in\xi_{\mu_{j}}$ for all $j<n$
$U_{0}^{(i)} \subset(\cup \mathcal{U})\cap\bigcap_{j<n}(\cup \mathscr{L}_{\mu_{j},i})$
, $J_{1}=\{i:U0\not\in\xi_{\mu_{j}}\}$ $i\in J_{1}$ $U_{0}\in \mathcal{U}_{j}$
, $U_{0}^{(i)}\subset U0$ , $S\in\xi_{\mu_{j}}$ $U_{0}^{(i)}\cap S\neq\emptyset$ $S$ $U_{0}$
3.1 , $i$ runs over $J_{1}$ , $S$ ,
$U_{1}$ $U_{1}$ $U_{0}^{(\text{ }}$
$U_{1}\in$
$U_{1}\in\xi_{\mu_{j}}$ for all $i\in J_{1}$
$U_{1}^{(i)} \subset(\cup \mathcal{U})\cap\bigcap_{j<n}(\cup \mathcal{L}_{\mu_{j},i})$
, $J_{2}=\{j\in J_{1} : U_{1}\not\in\xi_{\mu_{j}}\}$ $U_{1}^{(i)}\subset U_{1}\subset U_{0}^{(i)}\subset U_{0}$
, $j\in J_{2}$ $S\in\xi_{\mu_{j}}$ $U_{1}^{(i)}\cap S\neq\emptyset$
$S\subset$ $S\subset U_{1}$ ( $U_{1}\in \mathcal{U}_{j}$
, $S\subset U_{1}$ $A^{1}$ ) , $i$ runs over





$\forall O$ nbd of $p,$ $\exists\lambda,$ $\forall\mu>\lambda$ : $r_{\mu,i}\in H_{\mu}\subset H_{\lambda}\subset O$
, {r\mbox{\boldmath $\lambda$}, $P$
,
$K_{i}=\{r_{\lambda,i} : \lambda<\theta\}$
, $P\in C1_{\beta X}K_{i}$ , $\lambda<\theta$
$K_{i}=\{r_{\mu,i} : \mu\geq\lambda\}\cup\{r_{\mu,i} : \mu<\lambda\}\subset H_{\lambda}\cup C1_{\beta X}[\cup \mathscr{L}_{\lambda,i}]$
$\xi_{\lambda}$ locally finite (3.1 )
$C1_{\beta X}[\cup \mathcal{L}_{\lambda,i}]\cap C1_{\beta X}[\cup \mathscr{L}_{\lambda,j}]=\emptyset$ for $i\neq j$
, $i\neq i$ :




$(C1_{\beta X}K_{i})\backslash \{p\}=C1_{\beta X\backslash \{p\}}[K_{i}\backslash \{p\}]$ , $i=0,1,2$
$\beta X\backslash \{p\}$ disjoint closed sets
$i=0,1,2$
$p\in C1_{\beta X}[K_{i}\backslash \{p\}]=C1_{\beta X}[(C1_{\beta X}K_{i})\backslash \{p\}]$
, $\beta X\backslash \{p\}\supset X$ $\beta X$ $c*$ -embedded ,






$p\not\in C1_{\beta X}[K_{i}\backslash \{p\}]$
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, ( 5 )
$r_{\lambda,i}\in C1_{\beta X}[\cup \mathcal{L}_{\lambda+1,i}]$
,
$C1_{\beta X}[\cup \mathscr{L}_{\lambda+1,i}]\cap C1_{\beta X}[\cup \mathscr{L}_{\lambda+1_{\dot{\theta}}}]=\emptyset$ for $i\neq j$
, $\lambda$
$r_{\lambda,i}\neq r_{\lambda i}$ for every $i\neq j$
,





, , 3.1 $\pi$ -base non-compact,
normal space
, non-compact, normal space $X$ ,
dense ( :Double arrow space $\mathbb{Q}\cross\{0\}\cup P\cross\{1\}$ ),
$p\in\beta X\backslash X$ $\beta X\backslash \{p\}$ non-normal
5.2
, :
$p\in\beta\omega\backslash \omega$ $\beta\omega\backslash \{p\}$ non-normal ?
discrete
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